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ON SOME n-STARLIKE INTEGRAL OPERATORS
K. O. BABALOLA
Abstract. By a completion of a lemma of Babalola and Opoola [3], we
prove that certain generalized integral operators preserve n-starlikeness
in the open unit disk E = {z ∈ C : |z| < 1}. Our results generalize,
extend and improve many known ones.
1. Introduction
Let A be the class of functions
(1) f(z) = z + a2z
2 + · · ·
which are analytic in E. A function f ∈ A is said to be starlike of order λ,
0 ≤ λ < 1 if and only if, for z ∈ E,
Re
zf ′(z)
f(z)
> λ.
Also a function f ∈ A is said to be convex of order λ, 0 ≤ λ < 1 if and
only if, for z ∈ E,
Re
{
1 +
zf ′′(z)
f ′(z)
}
> λ.
Let S∗(λ) and K(λ) denote, as usual, the classes of starlike and convex
functions of order λ respectively. Salagean [17] introduced the operator Dn,
n ∈ N as:
Dnf(z) = D(Dn−1f(z)) = z[Dn−1f(z)]′
with D0f(z) = f(z) and used it to generalize the concepts of starlikeness
and convexity of functions in the unit disk as follows: a function f ∈ A is
said to belong to the classes Sn(λ) if and only if
Re
Dn+1f(z)
Dnf(z)
> λ.
For n = 0, 1, we have the classes of starlike and convex functions respectively.
We refer to functions of the classes Sn(λ) as n-starlike functions in the unit
disk. For λ = 0 we simply write S∗, K and Sn.
Let β > 0, α ≥ 0 be real numbers, γ and δ complex constants with
α+ δ = β + γ. For f ∈ A, the generalized integral operator
(2) J (f) =
{
β + γ
zγ
∫ z
0
tδ−1f(t)αdt
} 1
β
, β +Re γ ≥ 0,
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and its many special cases (for example: β = α = 1, γ = δ; β = α = 1,
γ = δ = 0; β = α = 1, γ = 1 and δ = 1−α) have been studied repeatedly in
many literatures [1, 2, 4, 5, 7, 8, 9, 11, 13, 14, 15, 16, 18] where f(z) belongs
to some favoured classes of functions. More general integral operators were
studied in [13] where the authors used a new method of analysis to obtain
results that are both more general and sharper than many earlier ones.
Let β > 0, α ≥ 0 be real numbers, γ and δ complex constants such that
α+ δ = β + γ. Define J j0 (z)
β = f(z)α, j = 1, 2 and for m ∈ N define
J 1m(f) =
{
(β + γ)m
zγΓ(m)
∫ z
0
(
log
z
t
)m−1
tδ−1f(t)αdt
} 1
β
,
where Re γ ≥ 0 and
J 2m(f) =
{(
β + γ +m− 1
β + γ − 1
)
m
zγ
∫ z
0
(
1−
t
z
)m−1
tδ−1f(t)αdt
} 1
β
also with m− 1+Re γ ≥ 0.
The integrals J j(f) are similar to the Jung-Kim-Srivastava one-parameter
families of integral operators [7]. However, only in the case β = α = 1 and
γ real, then J j(f) are special cases of those in [7]. Furthermore if m = 1,
both integrals yield the integral operator (2).
In the present paper, we will study the integrals J j(f) for f belonging
to the classes Sn(λ). Furthermore, if γ and δ are real constants we will
obtain the best possible inclussion for J j(f) given that f ∈ Sn(λ). Natural
corollaries to the main results of this work are that: (i) for all real number
β, α ≥ 0, the integrals J j(f), j = 1, 2 preserve starlikeness and convexity
in the open unit disk and that (ii) our result will improve and extend many
known ones for all the many special cases. The main results are presented in
Section 3 while we discuss the many special cases arising from taking m = 1
in Section 4.
In the next section we give some lemmas necessary for the proof of our
results.
2. Preliminary Lemmas
Let P denote the class of functions p(z) = 1 + c1z + c2z
2 + · · · which are
regular in E and satisfy Re p(z) > 0, z ∈ E. We shall need the following
lemmas.
Lemma 1 ([2]). Let u = u1+u2i, v = v1+v2i and ψ(u, v) a complex-valued
function satisfying:
(a) ψ(u, v) is continuous in a domain Ω of C2,
(b) (1, 0) ∈ Ω and Reψ(1, 0) > 0,
(c) Reψ(λ + (1− λ)u2i, v1) ≤ λ when (λ+ (1− λ)u2i, v1) ∈ Ω and 2v1 ≤
−(1− λ)(1 + u22) for real number 0 ≤ λ < 1.
If p ∈ P such that (p(z), zp′(z)) ∈ Ω and Re ψ(p(z), zp′(z)) > λ for
z ∈ E, then Re p(z) > λ in E.
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The above lemma is an abridged form of a more detail one in [2].
Lemma 2 ([6]). Let η and µ be complex constants and h(z) a convex uni-
valent function in E satisfying h(0) = 1, and Re(ηh(z) + µ) > 0. Suppose
p ∈ P satisfies the differential subordination:
(3) p(z) +
zp′(z)
ηp(z) + µ
≺ h(z), z ∈ E.
If the differential equation:
(4) q(z) +
zq′(z)
ηq(z) + µ
= h(z), q(0) = 1
has univalent solution q(z) in E, then p(z) ≺ q(z) ≺ h(z) and q(z) is the
best dominant in (3).
The formal solution of (4) is given as
q(z) =
zF ′(z)
F (z)
=
η + µ
η
(
H(z)
F (z)
)η
−
µ
η
where
F (z)η =
η + µ
zµ
∫ z
0
tµ−1H(t)ηdt
and
H(z) = z. exp
(∫ z
0
h(t)− 1
t
dt
)
(see [12, 19]). The authors in [12] gave sufficient conditions for the univalence
of the solution, q(z), of (4) as well as some generalised univalent solutions
for some given h(z).
The second part of the next lemma is the completion of Lemma 2.2 in [3].
Lemma 3 ([3]). Let f ∈ A and ζ > 0 be real.
(i) If for z ∈ E, Dn+1f(z)ζ/Dnf(z)ζ is independent of n, then
(5)
Dn+1f(z)ζ
Dnf(z)ζ
= ζ
Dn+1f(z)
Dnf(z)
.
(ii) The equality (5) also holds if Dn+1f(z)/Dnf(z) is independent of n,
z ∈ E.
Proof. The proof of the first part of the above lemma was presented in [3].
As for (ii), let Dn+1f(z)/Dnf(z) assume the same value for all n ∈ N. For
n = 0, the assertion is easy to verify. Let n = 1. Then
D2f(z)ζ
D1f(z)ζ
= 1 +
zf ′′(z)
f ′(z)
+ (ζ − 1)
zf ′(z)
f(z)
=
D2f(z)
D1f(z)
+ (ζ − 1)
D1f(z)
D0f(z)
.
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Since D1f(z)/D0f(z) = D2f(z)/D1f(z) we have
D2f(z)ζ
D1f(z)ζ
= ζ
D2f(z)
D1f(z)
.
Now suppose (5) holds for some integer k. Then
(6)
Dk+2f(z)ζ
Dk+1f(z)ζ
=
Dk+2f(z)
Dk+1f(z)
+ (ζ − 1)
Dk+1f(z)
Dkf(z)
.
Since Dk+1f(z)/Dkf(z) has the same value for each k ∈ N, we can write (6)
as
Dk+2f(z)ζ
Dk+1f(z)ζ
=
Dk+2f(z)
Dk+1f(z)
+ (ζ − 1)
Dk+2f(z)
Dk+1f(z)
which implies
Dk+2f(z)ζ
Dk+1f(z)ζ
= ζ
Dk+2f(z)
Dk+1f(z)
.
Thus the lemma follows by induction. 
Remark 1. Let f ∈ Sn(λ). Then there exists p ∈ P such that
Dn+1f(z)
Dnf(z)
= λ+ (1− λ)p(z)
independent of n ∈ N. Hence for f ∈ Sn(λ), the assertion of Lemma 2 holds.
Thus we have
Re
Dn+1f(z)ζ
Dnf(z)ζ
= ζRe
Dn+1f(z)
Dnf(z)
> ζλ.
In particular, if λ = 0, then for ζ > 0 we have Re D
n+1f(z)ζ
Dnf(z)ζ
> 0 if and only
if Re D
n+1f(z)
Dnf(z) > 0.
3. Main Results
Theorem 1. Let α ≥ 0. Suppose for α > 0, the real number λ is defined
such that 0 ≤ αλ < 1. If f ∈ Sn(λ), then J
j(f) ∈ Sn(
α
β
λ), j = 1, 2.
Proof. Let f ∈ Sn(λ) have the form (1). If α = 0, then J
j(f) = z by
evaluation using the Beta and Gamma functions. Thus the result holds
trivially in this case. Suppose α > 0, then we can write
f(z)α = zα +A2(α)z
α+1 + ...
where Ak(α), k = 2, 3, ..., depends on the coefficients ak of f(z) and the
index α. Thus evaluating the integrals in series form, also using the Beta
and Gamma functions and noting that(
σ
γ
)
=
Γ(σ + 1)
Γ(σ − γ + 1)Γ(γ + 1)
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we obtain
J 1m(f)
β = zβ +
∞∑
k=2
(
β + γ
β + γ + k − 1
)m
Ak(α)z
β+k−1
and
J 2m(f)
β = zβ +
Γ(β + γ +m)
Γ(β + γ)
∞∑
k=2
Γ(β + γ + k − 1)
Γ(β + γ +m+ k − 1)
Ak(α)z
β+k−1.
From the above series expansions we can see that J j0 (f)
β = f(z)α, j = 1, 2
are well defined. Also from the series expansions we find the recurssive
relation
(7) µJ jm(z)
β + z(J jm(f)
β)′ = ξJ jm−1(f)
β, j = 1, 2
where µ = γ and ξ = β+γ for j = 1 and µ = γ+m−1 and ξ = β+γ+m−1
if j = 2. Furthermore let µ = µ1+µ2i. Now applying the operator D
n on (7)
we have
Dn+1J jm−1(f)
β
DnJ jm−1(f)β
=
µDn+1J jm(f)β +Dn+2J
j
m(f)β
µDnJ jm(f)β +Dn+1J
j
m(f)β
.
Let p(z) = D
n+1J jm(z)β
DnJ jm(z)β
. Then
(8)
Dn+1J jm−1(z)
β
DnJ jm−1(z)β
= p(z) +
zp′(z)
µ+ p(z)
.
Define ψ(p(z), zp′(z)) = p(z) + zp
′(z)
µ+p(z) for Ω = [C−{−µ}]×C. Obviously ψ
satisfies the conditions (a) and (b) of Lemma 1. Now let 0 ≤ λ0 = αλ < 1.
Then ψ(λ0 + (1 − λ0)u2i, v1) = λ0 + (1 − λ0)u2i +
v1
µ+(λ0+(1−λ0)u2i) so that
Re ψ(λ0 + (1 − λ0)u2i, v1) = λ0 +
(µ1+λ0)v1
(µ1+λ0)2+(µ2+(1−λ0)u2)2 . If v1 ≤ −
1
2(1 −
λ0)(1 + u
2
2), then Re ψ(λ0 + (1− λ0)u2i, v1) ≤ λ0 if and only if µ1+ λ0 ≥ 0.
This is true if Re µ = µ1 ≥ 0 since λ0 is nonegative. Thus by Lemma 1, if
Re µ ≥ 0, then Re ψ(p(z), zp′(z)) > λ0 implies Re p(z) > λ0. That is
Re
Dn+1J jm(f)β
DnJ jm(f)β
> λ0 if Re
Dn+1J jm−1(f)
β
DnJ jm−1(f)β
> λ0.
Since J j0 (f)
β = f(z)α we have Re D
n+1f(z)α
Dnf(z)α > λ0 ⇒ Re
Dn+1J j
1
(f)β
DnJ j
1
(f)β
> λ0 ⇒
Re
Dn+1J j
2
(f)β
DnJ j
2
(f)β
> λ0 ⇒ ... and so on for all m ∈ N . By Lemma 2, we have:
Re D
n+1f(z)
Dnf(z) >
λ0
α
⇒ Re
Dn+1J j
1
(f)
DnJ j
1
(z)
> λ0
β
⇒ Re
Dn+1J j
2
(f)
DnJ j
2
(f)
> λ0
β
⇒ ... and so
on for all m ∈ N . By setting λ0 = αλ we have Theorem 1. 
The next theorem will leads us to the best possible inclusion relations.
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Theorem 2. Let α ≥ 0. Suppose for α > 0, the real number λ is defined
such that 0 ≤ αλ < 1. If
Re
Dn+1J jm−1(f)
β
DnJ jm−1(f)β
> αλ, then
Dn+1J jm(f)β
DnJ jm(f)β
≺ q(z)
where
(9) q(z) =
z1+µ(1− z)−2(1−αλ)∫ z
0 t
µ(1− t)−2(1−αλ)dt
− 1
and µ = γ for j = 1 and µ = γ +m− 1 for j = 2.
Proof. As in the preceeding theorem, the case α = 0 holds trivially. Now
for α > 0, let 0 ≤ λ0 = αλ < 1 and suppose
Re
Dn+1J jm−1(f)
β
DnJ jm−1(f)β
> λ0.
Then from (8), we have
p(z) +
zp′(z)
µ+ p(z)
≺
1 + (1− 2λ0)z
1− z
Now by considering the differential equation
q(z) +
zq′(z)
µ+ q(z)
=
1 + (1− 2λ0)z
1− z
whose univalent solution is given by (9) (see [12]), then by Lemma 2 we have
the subordination
p(z) =
Dn+1J jm(f)β
DnJ jm(f)β
≺ q(z) ≺
1 + (1− 2λ0)z
1− z
,
where q(z) is the best dominant, which proves the theorem. 
4. The special case m = 1
In this section we discuss the integral (2), which coincides with the case
m = 1 of both integrals J jm(f). In particular we take λ = 0. In this case,
our first corollary, a simple one from Theorem 1, is the following:
Corollary 1. The classes Sn is closed under J (f).
This result is more genral than the result of Miller et-al [13] (Theorem
2, pg. 162) in which case δ = γ. A major breakthrough with our method
is the fact that the integral (2) passes through, preserving all the goemetry
(starlikeness and convexity for example) of f without having to drop any
member of the sets on which the parameters α ≥ 0 and β > 0 were defined,
which was not the case in many earlier works. This will become more evident
in the following more specific cases (cf. [13]).
(i) If α+ δ = β + γ = 1, we have
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Corollary 2. If f ∈ Sn, then
J (f) =
{
zβ−1
∫ z
0
(
f(t)
t
)α
dt
} 1
β
= z + · · ·
also belongs to Sn.
(ii) If α+ δ = 1, β = 1 and γ = 0, we have
Corollary 3. If f ∈ Sn, then
J (f) =
∫ z
0
(
f(t)
t
)α
dt = z + · · ·
also belongs to Sn.
(iii) If α+ δ = β + γ = α+ η + γ, we have
Corollary 4. If f ∈ Sn, then
J (f) =
{
α+ γ + η
zγ
∫ z
0
tγ+ηf(t)αdt
} 1
β
= z + · · ·
also belongs to Sn.
From the above corollary, we can obtain various sequences of starlike
and convex functions (and more generally, of Sn functions): For example
if γ + η = 1, α = 1 and η = k = 0, 1, 2 · · · ; and if γ = 0, α = 1 and
η = k = 0, 1, 2 · · · we obtain, respectively, the following sequences of Sn
functions: {
2zk−1
∫ z
0
f(t)dt
} 1
k+1
= z + · · · , k = 0, 1, 2, · · ·
and {
(k + 1)
∫ z
0
tk−1f(t)dt
} 1
k+1
= z + · · · , k = 0, 1, 2, · · · .
For starlike functions, the above sequences are due to Miller et-al [13].
Next we consider the best possible inclusion for the integral J (f) for two
cases µ = 0, 1. For these two cases, we have
q(z) =
1
1− z
, µ = 0,
and
q(z) =
z2
(1− z)[(1− z) ln(1− z) + z]
− 1, µ = 1.
But Re q(z) ≥ q(−r) for |z| ≤ r < 1. Thus we have
Re q(z) ≥
1
1 + r
, µ = 0,
and
Re q(z) ≥
1
(1 + r)[(1 + r) ln(1 + r)− r]
− 1, µ = 1.
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Letting r → 1−, we have Re q(z) > ρ (say), z ∈ E. Since D
n+1J (f)β
DnJ (f)β ≺
q(z), we have Re D
n+1J (f)β
DnJ (f)β > ρ. By Lemma 3, this implies Re
Dn+1J (f)
DnJ (f) >
ρ
β
so that the following best possible inclusions follow.
Corollary 5. Let f ∈ Sn. If δ is a real number and γ = 0, then
J (f) =
{
β
∫ z
0
tδ−1f(t)αdt
} 1
β
= z + · · ·
belongs to Sn(
1
2β ).
Corollary 6. Let f ∈ Sn. If δ is a real number and γ = 1, then
J (f) =
{
β + 1
z
∫ z
0
tδ−1f(t)αdt
} 1
β
= z + · · ·
belongs to Sn(
3−4 ln 2
2β(2 ln 2−1)).
On the final note, if we take β = 1 in Corollaries 5 and 6 we then have
the following special cases
Corollary 7. Let f ∈ Sn. If δ is a real number and γ = 0, then
J (f) =
∫ z
0
tδ−1f(t)αdt = z + · · ·
belongs to Sn(
1
2).
Corollary 8. Let f ∈ Sn. If δ is a real number and γ = 1, then
J (f) =
2
z
∫ z
0
tδ−1f(t)αdt = z + · · ·
belongs to Sn(
3−4 ln 2
2(2 ln 2−1)).
Miller et-al [13] proved that if f ∈ S∗, then J (f) ∈ S∗(
√
17−3
4 ) and also if
f ∈ K, then J (f) ∈ K(
√
17−3
4 ), which our last corollary has now raised to
their best-possible status.
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